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Affine hemispheres of elliptic type 


Bo’az Klartag* 


Abstract 

We find that for any n-dimensional, compact, convex set K C M n+1 there is an affinely- 
spherical hypersurface M C M" +1 with center at the relative interior of K, such that the 
disjoint union M U K is the boundary of an (n + 1)-dimensional, compact, convex set. This 
so-called affine hemisphere M is uniquely determined by K up to affine transformations, it 
is of elliptic type, is associated with K in an affinely-invariant manner, and it is centered at 
the Santalo point of K. 


1 Introduction 

Let M C M n+1 be a smooth, connected hypersurface which is locally strongly-convex, i.e., the 
second fundamental form is a definite symmetric bilinear form at any point y e M. There are 
several ways to define the affine normal line £m(v) at a point y e M. One possibility is to define 
Im{v) v > a the following procedure: 

(i) Let H = T y M be the tangent space to M at the point y e M, viewed as a linear subspace 
of codimension one in W i+1 . Select a vector v ^ H pointing to the convex side of M at the 
point y e M, and denote M t = M D (H + tv) for t > 0. Here, H + tv = {x + tv ; x G H}. 

(ii) For a sufficiently small t > 0, the section M t encloses an n-dimensional convex body 

C H + tv. The barycenters b t = bar(Q/) depend smoothly on t. The affine normal line 
i M {y) Q M n+1 is defined to be the line passing through y in the direction of the non-zero 

vector JALo- 

We say that M is affinely-spherical with center at a point p 6 W l+1 if all of the affine normal 
lines of M meet at p. In the case where all of the affine normal lines are parallel, we say that M 
is affinely-spherical with center at infinity. An affine sphere is an affinely-spherical hypersurface 
which is complete , i.e., it is a closed subset of E" +1 . This definition is clearly affinely-invariant, 
hence the term “affine sphere”. In Section [5] below we explain that M is affinely-spherical with 
center at the origin if and only if the cone measure on M is mapped to a measure proportional to 
the cone measure on the polar hypersurface M* via the polarity map. 
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Affine spheres were introduced by the Romanian geometer Tzitzeica [24), 25]. All convex 
quadratic hypersurfaces in M n+1 are affine spheres, as well as the hypersurface 

M = | (zi, ...,x n ) G M n ; Wi,Xi > 0, JJx* = 1 
l i=i 

found by Tzitzeica [24, 25] and Calabi iflOl . See Loftin [fT8l for a survey on affine spheres. At 
any point y e M, the punctured line hr(y) \ {ij} is naturally divided into two rays: one pointing 
to the convex side of M and the other to the concave side. These two rays are referred to as the 
convex side and the concave side of £m(v), respectively. An affinely-spherical hypersurface M is 
called elliptic if its center lies on the convex side of all of the affine normal lines. It is hyperbolic 
if its center lies on the concave side of all of the affine normal lines. There are also parabolic 
affine spheres, whose affine normal lines are all parallel. 

Ellipsoids in R n+1 are elliptic affine spheres, while elliptic paraboloids are parabolic affine 
spheres. There are no other examples of complete affine spheres of elliptic or parabolic type. 
This non-trivial theorem is the culmination of the works of Blaschke 0, Calabi 0, Pogorelov 
lf2H and Trudinger and Wang Ii23l . 

While affine spheres of elliptic or parabolic type are quite rare, there are many hyperbolic 
affine spheres in M n+1 . From the works of Calabi lITOl and Cheng-Yau [fTTft we leam that for 
any non-empty, open, convex cone C C M n+I that does not contain a full line, there exists 
a hyperbolic affine sphere which is asymptotic to the cone. This hyperbolic affine sphere is 
determined by the cone C up to homothety, and all hyperbolic affine spheres in R n+1 arise this 
way. Why are there so few elliptic affine spheres, compared to the abundance of hyperbolic affine 
spheres? Perhaps completeness is too strong a requirement in the elliptic case. We propose the 
following: 

Definition 1.1. Let M C M n+1 be a smooth, connected, locally strongly-convex hypersurface. 
We say that M is an “affine hemisphere ” if 

1. There exist compact, convex sets K. K C M" +1 , with dim (if) = n and dim (A) = n + 1, 
such that M does not intersect the affine hyperplane spanned by K and 

K U M = dK. 

2. The hypersurface M is affinely-spherical with center at the relative interior of K. 

We say that K is the “anchor” of the affine hemisphere M. 

In Definition 11.11 the dimension dim(A') is the maximal number N such that K contains 
N + 1 affinely-independent vectors. Note that when M C M n+1 is an affine hemisphere, its 
anchor K is the compact, convex set enclosed by M \ M, where M is the closure of M. In 
particular, K = Conv(M \ M) where Conv denotes convex hull. It is clear that an affine 
hemisphere is always of elliptic type. 
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Figure 1: Half of an ellipse, which is an affine one-dimensional hemisphere in M 2 . 


Theorem 1.2. Let K C R n+1 be an n-dimensional, compact, convex set. Then there exists an 
affine hemisphere M C M n+1 with anchor K, uniquely determined up to affine transformations. 
The affine hemisphere M is centered at the Santalo point of K. 

Thus, with any n-dimensional, compact, convex set K C M" +1 we associate an (n + 1)- 
dimensional, compact, convex set K C M n+1 whose boundary consists of two parts: the convex 
set K itself is a facet, and the rest of the boundary is an affine hemisphere M centered at the 
Santalo point of K. We refer the reader to Loftin lITSll and to Nomizu and Sasaki lf20ll for 
information about the rich geometric structure associated with affinely-spherical hypersurfaces. 
Let us just observe here that by Il20l Theorem 6.5], any affine function in R n+ 1 that vanishes on 
K is an eigenfunction of the affine-metric Laplacian of M with Dirichlet boundary conditions, 
corresponding to the first eigenvalue. 

The proof of Theorem 11.21 is basically a variant of the moment measure construction by 
Cordero-Erausquin and the author IfTHl which is in turn influenced by Berman and Berndtsson 
lf3l and is also analogous to the classical Minkowski problem. Let us now present a few questions 
about affine hemispheres: 

1. Other than half-ellipsoids, we are not aware of any affine hemisphere that may be described 
by a simple formula. Is there a closed form for the affine hemisphere associated with the 
n-dimensional simplex or the n-dimensional cube? For moment measures, the solutions in 
the case of the simplex and the cube are given by explicit formulae, see lfl2l . 

2. Calabi IflOl found a composition rule for hyperbolic affine spheres, allowing one to con¬ 
struct a hyperbolic affine sphere of dimension n+m+l from two hyperbolic affine spheres 
of dimensions n and m. Is there an analogous construction for affine hemispheres? 

3. An intriguing question is whether an affine hemisphere M can be extended beyond its 
anchor K, to an affinely-spherical hypersurface M D M. When the anchor K is an 
ellipsoid, the affine hemisphere M with anchor K is half an ellipsoid, and may clearly be 
extended to the surface of a full ellipsoid. On the other hand, if K is a polytope, then the 
affine hemisphere M cannot be smoothly extended beyond the vertices of K. 

4. Finally, is there a theory similar to that of affine hemispheres that is related to parabolic 
affinely-spherical hypersurfaces? See Ferrer, Martinez and Milan Ifl4ll . Milan lTl9l and 
Remark |5 .12l below for partial results in this direction. 
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Throughout this paper, by smooth we always mean G ,00 -smooth. We write | • | for the usual 
Euclidean norm in M n , and S n = {x e M n+1 ; x = 1} is the Euclidean unit sphere centered 
at the origin. The standard scalar product of x, y G M n is denoted by (x, y). We write log for 
the natural logarithm. For a Borel measure /i in M n we denote by Supp(/i) the support of /i, 
which is the intersection of all closed sets of a full /i-measure. A hypersurface in H" +1 is an n- 
dimensional submanifold of M n+1 . A submanifold M C M n+1 encloses a convex set K C M n+1 
if M is the boundary of K relative to the affine subspace spanned by K. 

Acknowledgements. Let me express my gratitude to Bo Bemdtsson, Ronen Eldan and Yanir 
Rubinstein for interesting discussions and for explanations and references on affine differential 
geometry. 


2 A variational problem 

In this section we analyze a variational problem related to affine hemispheres. Similar variational 
problems were considered by Berman and Bemdtsson ([3J and by Cordero-Erausquin and the 
author lH2l . For a function 0 : R n — >■ M U {Too} denote 

Dom(0) = {i6K”; 00c) < +oo} . 

The Legendre transform of A is the convex function 

= sup [(x,y) - 0(x)] (y e R n ), 

jcGDoni(^) 

where sup0 = — oo. The function 0* is always convex and lower semi-continuous. A convex 
function 0 : M n —* M U {+cxd} is proper if it is lower semi-continuous with Dom(0) 0 0. When 
0 is convex and proper, the Legendre transform 0* is again convex and proper, and 0** = 0. We 
will frequently use the formula 0*(O) = — inf 0, as well as the relation (A0)*(x) = A0*(x/A), 
which is valid for any x e M n and A > 0. It is also well-known that for any v e M ri , denoting 
01 {x) = 00C) + (x,v), 

= il>*{y-v) (?/eM n ). (l) 

See Rockafellar [f26l for a thorough discussion of the Legendre transform. For p > 0 and a 
function 0 : M n —» M U {+oo} with 0(0) < 0 we define 

<2) 

Two remarks are in order: First, note that inf 0* > —0(0) > 0, and that the integral in © is 
a well-defined element of [0, +oo]. Second, for the purpose of definition © let us agree that 
0 -a = Too and (Too) - " = 0 for ex > 0. The functional X p is closely related to the Borell- 
Brascamp-Lieb inequality [j5] [6j|. The latter inequality, which is a variant of Brunn-Minkowski, 
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states the following: For any 0 < A < 1 and three convex functions ip\, tpo, ipi : M n —* (0, +oo] 
such that 

<P\ ((1 - A)z + Xy) < (1 - X)ip 0 {x) + Xtpi(y) (x,y ER n ), (3) 

we have, 

The Borell-Brascamp-Lieb inequality, sometimes called the dimensional Prekopa inequality, im¬ 
plies the convexity of T p as is stated in the following: 

Lemma 2.1. Let p, A > 0, and let ip, ip 0 , ipi : R n —> M U {+oo} be functions that are negative at 
zero. Denote ip = ip*, tp 0 = vf and <fi = ip*. Then the following hold: 

(i) I p (Xip) = A l p (ip). 

(ii) Tpfpo + ipi) < Z P (ipo) + l P (ipi)- 

(Hi) Assume that Dom(<^ 0 ) = Dom(</? 1 ) = M n . Then equality in (ii) holds if and only if there 
exist Xq E M" and A > 0 such that 

cpi(x) — X(p 0 (x 0 + x / X) for all x E R n . 




Proof By using the formula (A ip)*(x) = Xip(x/X), which is valid for any x E R n , we obtain 


dx 




-i/p 


Ip ^ \Jw {Mx/X)Y+pj 


n-\-p _ n 

= X p -A p 


dx 


T (x] 


n+p 


-1/p 


= xlp(iP). 


Thus (i) is proven. Next, denote ipi/ 2 = [(V ; o + Vh)/2]*. Then tp 0 , <pi, ip 1 / 2 : M n —> (0, +oo] are 
convex functions, and for any x,y E RA, 


fl/2 


x + y 


< 




sup 

2SDom(i/io)nDom('i/)i) 


x + y \ ipo(z) + ipi(z) 


sup [(x, z) - ip 0 (z)\ + sup [(y, z) - ipi{z)\ } = 

I zGDom('0o) zGDom('0i) 


<Po(x) + <Pi(y) 


Hence condition ([3]) is satisfied, with A = 1/2. The case A = 1/2 of the Borell-Brascamp-Lieb 
inequality © implies that 

J ()Po_+fPi\ < Tp(-^o) + Tpjipi) 

and (ii) now follows from (i). According to Dubuc ffT3ll . equality holds in ©. with (p 0 , : 

M” —>■ (0, +oo) being convex functions, if and only if there exist A > 0 and xq E R" such that 
ipi(x) = Xip 0 (x 0 + x/X) for all x E M n . This proves (iii). □ 
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The next lemma describes a lower semi-continuity property of the functional I p . 

Lemma 2.2. Let p > 0 and let K C M" be a convex, open set containing the origin. Let 
ip : M” —y ffi U {+ 00 } be a convex function with ip(0) < 0 such that K C Dom( , 0) C K. 
Assume that for any £ > 1 we are given a function ^ : R n -> 1 U {+°°} with ipe(0) < 0, such 
that ipe —> ip pointwise in the set K as £ -+ oo. Then, 

Z p (i>) < lim miLpfpi). 


Proof The convex function ip is finite and hence continuous in the convex, open set K. Since 
0 G K and C(0) < 0, we may find e > 0 and linearly independent vectors V\ ,.... v n G K such 
that 

ip(±Vi) < — e for i — 1,..., n. 

By the pointwise convergence in K, there exists £ 0 such that 'if(±Vi) < —e for all £ > £ 0 and 
i = 1,... ,7i. The convex hull of the 2 n points {±Vi ; i — 1,..., n} contains a Euclidean ball of 
radius S > 0 centered at the origin. Consequently, for £ > £ 0 and x G M n , 

flpx) = sup [(x,y) - ipe{x)\ > sup [|(x, Vi)\ + e] > s + <5|x|. (5) 

yG Dom(^) 

Next, we claim that for any x 0 G M n , 


< lim inf ip^xo). (6) 

t^fOo 

Indeed, since ip is convex, its restriction to any line segment in the convex set Dom(?/;) is upper 
semi-continuous (see, e.g., [|T5l l. From the inclusion Dom(^) C K we thus learn that 

Ip*(x 0 ) = sup [(x 0 , y) - Ip{y)} = sup [(x 0 , y) - ip{y)}. 

y£Dom(ip) U&K 

Hence, for any e > 0 there exists y 0 G K such that ip*(x 0 ) < e + (x 0 ,y 0 ) — ip{yf). By the 
pointwise convergence in K, for a sufficiently large £ we observe that ipf yf < ip{yf) + e. 
Therefore, for a sufficiently large £, 


i>e( x o) > {x 0 ,y 0 ) - Mho) > -e + {x 0 ,y 0 ) - ip{y 0 ) > ~2e + ip*(x 0 ) 

and ([6]) is proven. The function (e + is integrable in M". Thanks to © and © we 

may use the dominated convergence theorem, and conclude that 


dx 


I R" C0*(V)) 


-r- > 

n+p — 


= lim sup 

€—>•00 


lim sup- , „ 

l^oo k > e (lpl(x)) P 

1 


dx = lim 

i—¥oa 


sup 


sup 


_k>i (ip* k (x)) 


n+p 


dx > lim sup 

£—>•00 


L *3 mor +r 

dx 


dx 


(ip* e {x)) 


n+p ‘ 
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The next theorem is our main result in this section. It is essentially a theorem about the Leg¬ 
endre transform of the functional I p , viewed as a convex functional on an infinite-dimensional 
cone. 


Theorem 2.3. Let p > 0 and let p be a Borel probability measure on with f Rn \x\dp(x) < 
+oo such that the barycenter of p lies at the origin. Assume that the origin belongs to the 
interior o/Conv(Supp( / u)). Then there exists a p-integrable, proper, convex function 0 : M n —> 
M U {Too} with 0(0) < 0 such that 


fdp 


dx 


(0*(o;)) n+ P 


-2/p 


< / 0i dp + 


dx 


(i>][(x)) n+ p 


-2/p 


(7) 


for any p-integrable, proper, convex function 0i : M n —> M U {Too} with 'if (0) < 0. Moreover, 
the expression on the left-hand side o/([ 7|) is a finite, negative number, and 'w(x) = +oo for any 
x EW 1 \ K where K is the interior of Conv(Supp( / u)). 

The remainder of this section is dedicated to the proof of Theorem 12.31 Let us fix a number 
p > 0 and a Borel probability measure p satisfying the requirements of Theorem 12.31 For a 
/i-integrable, proper convex function f : R n ->lU {+oc} with ?/;(()) < 0 we denote 


Zp, P W= ^dp + llifij) = 


ipdp + 


dx 


(^*(a;)) r,+ P 


-2/p 


Since the barycenter of p is at the origin, we learn from (Q]) that I li p (/ip) = I li p (/ip] ) whenever 
ip\(x) = 'ip(x) + (x, v) for some v G M n . The first step in the proof of Theorem 12.31 is the 
following proposition: 


Proposition 2.4. Let p > 0 and let p be as in Theorem 12.31 Then, 


inf Z^p[fp) > -oo 


where the infimum runs over cdl p-integrable, proper convex functions 'ip : R n MU {+oc} 
with -0(0) < 0. 

The proof of Proposition [2T4] relies on several lemmas. 

Lemma 2.5. There exist ci,c 2 > 0, depending on p, with the following property: For any 
6 G S n ~\ 


/ (x,9)l{( xfi ) >Cl }dp{x) > c 2 , 

J M" 

where 1 {{o;, 0 )>ci} equals one when (x, 6) > c\ and it vanishes elsewhere. 

Proof. The origin belongs to the interior of Conv(Supp (p)). Therefore, for any 0 G S n ~ ', 


(• x,9)l{( x ,e) > o}dp(x) > 0. 


( 8 ) 
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For t > 0 consider the non-negative function 


m= f Ml {{Xi o )>t} dfx(x) (ees*- 1 ). 

We claim that f t is lower semi-continuous. Indeed, if Q 3 —> 6 then by Fatou’s lemma, 

ft(0) = / (x,9)lr/ Xt Q\ >t \dfj,(x) < liminf / (x, 9j)l { i xfi \ >t \dp{x) = lirninf f t {9j). 

Denote by m t the minimum of the function f t on S'" -1 , and let 9 t G S'" -1 be a point such that 
ft(9 t ) = mn t . Since S'" -1 is compact, there exists a sequence tj —> 0 + such that 6 t —$■ 9 for a 
certain unit vector 6 G S n ~ l . By ([8]) and Fatou’s lemma, 


0< / (x,O)l { ( Xi0}>o} dn(x) < liminf / (x, ^.)l {{a; ^) >t .}d/i(x) = liminf m* 




J^OO 


Consequently there exists j > 1 such that m tj > 0. The lemma follows with c\ = tj and 

c 2 = m tj . □ 


Lemma 2.6. There exists c > 0, depending on /i, vv/z/i t/ie following property: Let vj : M n ^ 
M U {Too} be a proper, convex function that is p-integrable. Denote a = —T(0). Assume that 
-0(0) = inf and that f Rn fdp < 0. Then for any x G M", 

il>(x) < —a/2 when |x| < c. 


Proof We will prove the lemma with c = min{ci, c 2 /4} where ci, C 2 are the positive constants 
from Lemma 12.51 Assume by contradiction that the conclusion of the lemma fails. Then the 
convex set A = {x G R" ; 0(x) < —a/2} does not contain an open ball of radius c around the 
origin. By the convexity of A, there exists 6 G S'" -1 such that {x, 6) < c for all x G A. By the 
convexity of the function 0, for any x G M" with (T 0) > c, 


a ( cx 

2 ' < ^\(x,e)J ~ (x,B) 


(x,9) 


< . ° _. 0(x) T ( 1 — ———r ) 0(0) = ° f>/x) — a ■ | 1 


(x,0) 


(x,0) 


Consequently, 0(x) > a(x, 9)/{2c) — a for any x G R" with (x, 9) > c. Since inf 0 = —a and 
c < ci, then by Lemma [231 


/ 0d/i= / 0(a;)l{<a:,0)<c 1 }rfA t (^) T / 0(x)l{( Xi e)> C i}d//(x) 

>-a+ I 

J i 

in contradiction to our assumption that f Rn ipdp < 0. 


Q/ 1 O' 

— ■ (x, 9) - ay 1 {( X ,e) >ci }dp{x) > -2a T — • c 2 > -2a T 2a = 0, 


8 













Lemma 2.7. There exists c > 0, depending on // and p, with the following property: Let w : 
M" —* MU {+ 00 } be a proper, convex function that is /i-inlegrable. Denote a = —L ! (0). Assume 
that ip (0) = inf ip and that f Rn ipdp, < 0. Then, 

> -a + ca 2 . 


Proof From Lemma l2T6l for any y G 


a 


i>*(y)= sup [(x,y) - tp{x)\ > sup [(x,y) + a/2] = - + c\y\. 


a:GDom(^) 

Since inf ip = — a , we deduce that 
= / ipdp + ( 


a:6lR",|a:|<c 


dy _\ 


-2/p 


— —Of + Of 


{r(y)) n+p J 

dy 

(1/2 + c\y\) n+p 


> —a + 


dy 


(a/2 + c\y\) n+ P 


-2/p 


-2/p 


= —a + coc 


Lemma 2.8. Assume that ip : M n —> M U {+ 00 } is a /i-inlegrable, convex function. Then 
Dom( , 0) contains the interior of Conv(Supp(//)). In particular, Doiii(U) contains the origin in 
its interior. 


Proof. Otherwise, we could use a hyperplane and separate the convex set Dom(^) from an open 
ball intersecting Supp(//). This would imply that is not //-intcgrablc, in contradiction. □ 


Proof of Proposition 12.41 Let ip : M n —)■ M U {+ 00 } be a proper, convex function with L(0) < 0 
that is /i-integrable. We will show that 

Z ««0 > X ( 9 ) 

where c > 0 is the constant from Lemma [2771 In the case where f ipdp > 0 we have T IJ p (/ip) > 0, 
and © trivially holds. We may thus assume that 


p>dp < 0. 


( 10 ) 


The origin is in the interior of Dom('0), according to Lemma [2781 From Rockafellar 1 261 Theo¬ 
rem 23.4] we leam that there exists weR” such that 


ip(x) > ip(0) + (x,w) (x G M n ). (11) 

Recall that = T^pjf whenever p>i(x) = ip{x) + ( x , v) for some v G M”. By adding an 

appropriate linear functional to ip, we may assume that w = 0 in (fill) and hence L’(0) = inf ip. 
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Denote a = —-0(0), which is a positive number, as follows from (fTOl) . We may now apply 
Lemma [2771 and obtain that 

Zwii’) > -« + ca 2 > , 


4c’ 


completing the proof of ©. The proposition is thus proven. 


The next proposition is the second step in the proof of Theorem [23} 

Proposition 2.9. The infimum in Proposition 12.41 is attained. 

Again, the proof of Proposition l2.9l relies on a few small lemmas. 

Lemma 2.10. There exists a p-integrable, proper convex function ip : R n -> MU {+oo} with 
ip(0) < 0 such that X lip {if < 0. 

Proof. Let 8 > 0 and denote fs(x) = — 8 + e\x\ for £ = <5 1+ p/( 4n ). Then, 

dx \~ 2//p ( f dx x _2//p 


(r 5 (x)) n+p y \J B{ 0 ,e) 


fin+p 


= A8 3 ' 2 


where B( 0, s) = {x G M n ; |x| < e} and A = Vol n (B(0,1)) 2 / p > 0. Consequently, 

= A8 3 / 2 + f (—8 + e\x\)dp(x) = A8 3 ^ 2 — 8 + 8 l+p ^ in ^ ■ f \x\dp{x). 

J R n JW 1 

By our assumptions on the measure p, we know that J \x\dp(x) < oo. For a small, positive 8, 
the leading term in X^ p {fs) is —8. Consequently, I ll/p (if) < 0 for a sufficiently small 8 > 0. □ 


In order to prove Proposition 12.9[ we select a minimizing sequence 

{f’e}e=i,2,...,oo- 

In other words, for any £ > 1 the function if : R" -> lU {+oo} is a //-intcgrablc, proper, 
convex function with iffi)) < 0 and 

^ inf Xp )P {f) 

where the infimum runs over all //-intcgrablc, proper, convex functions ip : R" —>■ R LJ {+oc} 
with R(0) < 0. Thanks to Lemma 12 .101. we may select the sequence {if} so that 


sup X^pifjf < 0. 


( 12 ) 


t> i 


Moreover, we know that X^ p (fjf remains intact when we add a linear functional to if. Arguing 
as in the proof of Proposition 12.41 we may add appropriate linear functionals to if_ and assume 
that 

inf ibAx) = fAO) for£>l. (13) 

xeR" 
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Lemma 2.11. We have that sup^^(O) < 0 and inf^^(O) > — oo. 

Proof. By (TOT) , for any t > 1, 

Vy(0) = inf fi(x)< / f> e d/j,<l 

J Rn 

Inequality (f]~2l) thus implies that sup^ -0^(0) < 0. Moreover, it follows from ( ITU) that f ft dp < 0 
for all L From (fl2l) . (fOT) and Lemma 12/71 

f> £ (0) + c(f e { 0)) 2 < X^ p (^) <0 (£ > 1). 

Hence inf £ ^(0) > —1/c > — oo. □ 


Write K C R n for the interior of Conv(Supp (//)). Then K is an open, convex set containing 
the origin. Lemma 16 in llT2l states that for any non-negative, /i-integrable, convex function 
/ : M" —)■ M U {+oo} and any point x G K , 

fix) < Cffx) / fd/i, (14) 

J i" 

where Cffx) > 0 depends solely on x and // . 

Lemma 2.12. There exists a sequence of integers {ij}j= 1,2,... such that ft j converges pointwise 
in K to a certain convex function f : K —> R. 

Proof Fix a point x 0 G K. We claim that 

sup|^(^o)| < + 00 . (15) 

t> 1 

Indeed, the fact that the sequence {fe( x o)}e=i, 2 ,... is bounded from below follows from (fl3l) and 
Lemma l2.1 1[ In order to show that this sequence is bounded from above, we denote 

f — — inf {'fi(x) ; x G M n , i > 1} = — inf {^(0); l > 1} (16) 

which is a finite, positive number thanks to Lemma 12.11 [ Apply (fl4l) for the non-negative, //- 
integrable, convex function ft = ft + f, and obtain 

fei x o)<C fi {x 0 ) f e (x)dfj,(x) =C tl (x 0 ) / (f e + /3)dp 

Jr™ J R“ 

< C^x 0 ) (/3 + < C^x 0 )/ 3 , 

where we used (fl2l) in the last passage. This shows that sup £ fe( x o) < 00 , and consequently 
sup £ ft(x 0 ) < 00 . The proof of ( 031) is complete. We may now invoke Theorem 10.9 from 
Rockafellar ll26l . thanks to (fl5l) . and conclude that there exists a subsequence {ft :i } satisfying 
the conclusion of the lemma. □ 
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Proof of Proposition 1 2. 91 We will use the convergent subsequence {0^.} from Lemma l2.12l The 
function 0 = liuq 0^. is finite and convex in the open, convex set K. Moreover, -0(0) G (—oc, 0) 
as follows from Lemma l2.1 II Since 'ipe(x) > 0^(0) for any x G M” and i > 1, also 

-0(0) = inf 0(x) G (—oo,0). (17) 

x&K 

The function 0 is currently defined only in the set K . In order to have a globally defined function 
in M n , we set 0(x) = +oo for x G M n \ K. For x G dK , define 

0(x) = lim 0(tx). (18) 

t->i- 

Since 0 is convex in A', it follows from (fT71) that the function t n- f;(tx) is non-decreasing in 
t G (0,1), hence the limit in (fl8l) is well-defined. Moreover, the function 0 : K n G f U {Too} 
is a proper, convex function, since on K we have 0 = sup te / 0>1 ) f t where f t (x ) = 0(tx) is finite, 
convex and continuous on K. The measure /i is supported in the closure K. From the pointwise 
convergence in K, it follows that 0^ (tx) —>• 'ip(tx) for any 0 < t < 1 and x G K. We claim 
that by Fatou’s lemma, for any 0 < t < 1, 



0(tx)d/i(x) < lim inf 
j-*>o 


IK 


0^.(tx)d/i(x) < lim inf 

3 j->oo 


fa (x)dp,(x) 


'A' 


(19) 


Indeed, the use of Fatou’s lemma is legitimate according to (fl3l) and Lemma 12.111 because 
inf x^iix) > — oo. The relation (fl3l) also implies that fa(tx) < 0^(x) for any x G K, t > 1 
and 0 < t < 1, completing the justification of (fT9l) . Next, we use the fact that 0(£x) /* 0(x) as 
t —> 1~ for any x G K. Since 0 is bounded from below, we may use the monotone convergence 
theorem, and upgrade (fl9l) to the bound 



lim 

t-S-1- 



0(fx)d/i(x) < lim inf 
j-> °o 



0^.d/U = lim inf 

3 j-> oo 


0^j dp . (20) 


Recall from (fl2l) that sup ? f fa.dp < 0. It follows from ([171) and (1201) that 0 is a //-intcgrablc, 
proper, convex function with 0(0) < 0. All that remains is to prove that 


70, P (0) < liminfX AtiP (0^). 

j~>oo 


( 21 ) 


The convex function 0 satisfies K C Dom(0) C K, and fa —> 0 pointwise in K as j —> oo. 
From Lemma [2X1 

X p (0) < lim inf 22(0*.) and hence X„ (0) < lim inf Ti (fa ). (22) 

j—> oo 3 ^ j —^oo ^ 3 

Now (1211) follows from (l20l) . (l22l) and the definition of X /J ?) . □ 


From the proof of Proposition l2.9l we see that the minimizer 0 may be selected so that 0(x) = 
Too for any x G M n \ K. Theorem 12.31 now follows from Proposition 12.41 Proposition 12.91 and 
Lemma |2.1Q[ 
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3 g-moment measures 


Let q > 0 and let p : R n — > R be a positive, convex function such that Z v := [ Rn p~( n+ ^ < oo. 
The function p is differentiable almost everywhere in R n because it is convex. We define the 
q-moment measure of p to be the push-forward of the probability measure on R n with density 
Z~ 1 /p n+q under the measurable map x (->• SJp{x). In other words, a Borel probability measure 
H on R n is the g-moment measure of p if for any bounded, continuous function b : R n — > R, 


b(y)dp(y) = 


b(Vp(x)) dx 
p n+q {x) Z/ 


( 1 ) 


The moment measure of p is a well-defined probability measure on R™, whenever p is a positive, 
convex function on R n such that p~^ n+ T> is integrable. 


Lemma 3.1. Let q > 0 and let p : R™ —» R be a positive, convex function. Then the function 
<p-( n +<i) i s integrable if and only if lim| x |_ ) . 00 p(x) = +oo. Moreover, in this case there exist 
a, (3 > 0 such that <p(x) > a + /3\x\ for all x G R". 

Proof Assume that p~^ n+ T) i s integrable. Then for any R > 0, the open convex set {x G 
R n ; ip(x) < R} has a finite volume and hence it is bounded. Therefore lim| a .|_ K30 ip(x) = +cxd. 
Conversely, assume that p(x) tends to infinity as x — > oo. Then there exists R > 0 such that 
p(x) > pfY) + 1 whenever ./;| > R. By convexity, for any x > /?, 

P (o) +1 < p < (i — y—r^) v?(o) + ^-p(x). 

V|X| / V \ x \ J |x| 

Therefore p(x) > p( 0) + \x\/R for all |x| > R. By continuity, c = min^i^^x) is positive. 
Hence p(x) > c/2 + min{l/f?, c/ (2R)} ■ |x| for all x G R”, and p~( n +<i) i s integrable. □ 


Lemma I3TI demonstrates that if p~( n+ i') is integrable for some q > 0, then it is integrable for 
all q > 0. The moment measures from lfT2l correspond in a sense to the case q = oo, since in 
lfl2l we push forward the measure on R n with density exp (—p) via the map x hg \7p(x). For a 
convex function p : R n —* R and for A > 0 we say that 

(A x p)(x) = \p(x/\) (x G R n ) 

is the A-dilation of p. Note that the g-moment measure of p is exactly the same as the g-moment 
measure of its dilation A x p, assuming that one of these g-moment measures exists. It is also 
clear that replacing p(x) by its translation p(x — x 0 ), for some x 0 G R n , does not have any effect 
on the resulting g-moment measure. 

Theorem 3.2. Let q > 1 and let p be a compactly-supported Borel probability measure on R n 
whose barycenter lies at the origin. Assume that the origin is in the interior of Conv(Supp (/i) ) . 

Then there exists a positive, convex function p : R n R whose q-moment measure is //. 
This convex function p is uniquely determined up to translation and dilation. 
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Theorem 13.21 is a variant for g-moment measures of a result proven in [fT2ll in the case of 
moment measures. The case where p is not compactly-supported will not be discussed in this 
paper, although we expect that similarly to l!T2ll . essential-continuity will play a role in the anal¬ 
ysis of this case. We also restrict our attention to the case q > 1. The necessity of the barycenter 
condition in Theorem |T2] follows from: 


Proposition 3.3. Let q > 1 and let p be a compactly-supported Borel probability measure on 
M". Assume that p is the q-moment measure of a positive, convex function p : R n —» R. Then 
the barycenter of p lies at the origin, which belongs to the interior o/Conv(Supp(/i)). 

Proof We may substitute b(x ) = x* in (Q]), since b is bounded on Supp(/r). This shows that for 
i = 1,... ,ra, 


Xidp(x) = 


djip 
( p n +<i 


n + q — 1 


di 


n+q—l 




= 0 , 


along the lines of [[T2l Lemma 4]. Therefore the barycenter of p lies at the origin. Assume by 
contradiction that the origin is not in the interior of Conv(Supp(//)). Since the barycenter of 
p lies at the origin, necessarily p is supported in a hyperplane of the form H = 9 L for some 
9 G S'" -1 . Since p is the g-moment measure of p, we see that 


dep{x) = (Vy?(x), 6) = 0 for almost all x G R n . (2) 

The function p is locally-Lipschitz in R n , being a finite, convex function. The relation © shows 
that p is constant on almost any line parallel to 9, contradicting the integrability of p (n+q >. □ 


The proof of Theorem 13.21 occupies most of the remainder of this section. Begin the proof 
with the following: 

Lemma 3.4. Let q > 1 and let p : R" —^ R be a positive, convex function with f Rn p~( n+ ^ < oo. 
Write pfor the q-moment measure of p, and assume that p is compactly-supported. Set w = p*. 
Then, 

/ \f\dp < oo. 

JR n 


Proof It follows from the definition of the Legendre transform that for any point x G R" in 
which p is differentiable, 

(x, Vp(x)) = ip(Vp(x)) + p(x). 

For almost any x G R” we have that Vp(x) G Supp (p). Since p is compactly-supported, then 
|V</?(x)| is an L °°-function in R". Consequently, 



p n+ i{x) 


|(x, Vy?(x))| + p(x) 
p n+ i(x ) 


dx < oo, 


by Lemma l3Tl since q > 1. This completes the proof. 


□ 
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Lemma 3.5. Let A,p > 0 and let /j be as in Theorem 13.21 Let ip : M” —y M. U {+oo} be a //- 
integrable, proper, convex function such that Dom(0) is bounded. For tel denote ip t — ip + t 
and ipt — 'ft- Then for any t < —?/>(()), the function : M n —)■ M is a positive, convex function 
with f Rn p t < ' n+p ' ) e (0, cx)). Moreover, there exists t < —0(0) with 



(x)dx 


A. 


Proof The set Dom(^) is assumed to be bounded. Set L — 1 + sup xeDom (^ |x| < oo. Denoting 
p = 0*, we learn from Corollary 13.3.3 in Rockafellar [f26ll that the convex function p : E" —> R 
is an L-Lipschitz function. Lemma [2751 implies that 0 is finite in an open neighborhood of the 
origin. Fix t < —-0(0). By the continuity of ip near the origin, there exists e t > 0, depending on 
ip and t, such that 

ipt(x) < ~£t when |x| < e t . 

Hence, for any y e R” and t < -0(0), 

Pt{y)= sup [(x,y)-ip t (x)] > sup [(x,y)+£ t \ =e t + e t \y\. (3) 

Set t 0 = —0(0), and for t G (—oo, t 0 ) define 

m = [ 

Jr 

It follows from © that the function pP ( " 1 !>} is integrable on R". The positive function p : 
R n — y R is L-Lipschitz, hence the integral of pp in+p> is positive. The function / is clearly 
non-decreasing in t e (—oo, t Q ), and by the monotone convergence theorem, / is continuous in 
(—oo, t 0 ). In order to conclude the lemma by the mean value theorem, it suffices to prove that 

lim J(t) = 0, lim Ipt) = +oo. 

The fact that Ipt) —* 0 as t —> — oo is evident from © and the monotone convergence theorem. 
It remains to show that I pt) —> +oo as t —* tg . With any t < t Q we associate a point a; 0 (t) € R” 
that satisfies 


da; 


da; 


(p t (x)) n+ P 


(ppx) - t) n+p ' 


(4) 


p(x 0 (t)) < — + inf p(x) = - - 0(0) = - + t 0 . 

Z xGM n Z Z 

For any t < t 0 , denoting r — (t 0 — t)/(2L), we see that <^(x) < p(x 0 (t)) + (f 0 — t)/2 for any x 
in the ball B(x 0 (t),r). Therefore, for any t < t 0 , 

_ r dx > I dx > n n r n _ K n 2- 2n - p L~ n 

- Jr- (<p(x) - t) n+p - J B (xo(t),r) (e(0> - t) n+p - (2t 0 - 2t) n+ P “ pt 0 - t) p 
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where K n = Vol n (B(0,1)) is the volume of the Euclidean unit ball. Since p > 0, 

o—2 n-pj-n 

lim lit) > lim —0-= +oo 

t^t- - (to - t)P 


and the lemma is proven. 


□ 


Lemma 3.6. Let q > 1 and let p be as in Theorem \3.2\ Let 0 : R n —y R U {+oo} be the p- 
integrable, proper, convex function whose existence is guaranteed by Theorem \2.3\ with p — q — 1. 

Denote p = 0*. Then p : W l —» R is a positive function and the probability measure v on 
R n with density Zf 1 /p n+q is well-defined. Moreover, for any function 0i : R n —> R U {+oc} of 
the form 0i = 0 + b, with b : R n —> R being a bounded function, we have 



0d/i + 


fiTdv < / 0!<i/i + 


ipldv. 


(5) 


Proof Write K for the closure of Conv(Supp(/0), a compact set in M". Theorem [2Jl states that 
0(0) < 0 and that Dom(0) C K. Therefore, by Lemma [331 the function p : M n —> R is a 
positive, convex function with 

/ ^- (n+p) G (0,+oo). (6) 

It thus follows from Lemma [3711 that the probability measure v is well-defined. The function 0** 
is proper, convex, and it satisfies 0 — C < 0** < 0i < 0 + C for some C > 0. It suffices to 
prove © under the additional assumption that 0i is proper and convex: Otherwise, replace 0i 
with the smaller 0 **, and observe that the right-hand side of © cannot increase under such a 
replacement. 

Hence we may assume that 0i is a /i-integrable, proper, convex function. Moreover, the 
convex set Dom(0i) = Dom(0) is bounded according to Theorem 12.31 The right hand-side of 
© is not altered if we add a constant to the function 0i, since p and v are probability measures. 
By adding an appropriate constant to 0i and by using Lemma [331 and ©, we may assume that 
the convex function 0i satisfies that 0i (0) < 0 and 


dx 


dx 


Un Pi +P (x) V 

where pi = 0* : R n —)• R is a positive function. Since 0i(O) < 0, by Theorem l23l 


0d/i + 


<P 


n+p 


-2/p 


Lrom © and 


< / 0i dp + 


fdp < / 0i dp. 


n+p 

Ti 


-2/p 


(7) 

( 8 ) 

(9) 
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Note the elementary inequality 


n + p 1 1 

-; ——It — S) < -;-— 

£n+p+l v ~ s n+p fn+p 


(s, t > 0) 


which follows from the convexity of the function t 
implies that 


(<P - <Pi) 


n + p 




n+p+l 



i—^ t (n ~+ on (0, oo). The latter inequality 


1 1 

^n+p y n+p 


0 


( 10 ) 


where we used © in the last passage. Since p\ — <p is a bounded function, all integrals in (flOl) 
converge. From (flOl) and the definition of the measure v. 


pdu < / ip\dv. 


( 11 ) 


The desired inequality © follows from © and (fill) . 


□ 


Proof of the existence part in Theorem 13.21 Lemma lT6l is the variational problem associated with 
optimal transportation, see Brenier 0 and Gangbo and McCann lfl6ll . Let L, p = ip* and v be 
as in Lemma lT6l Then p : M n —> M is a positive, convex function on M n . A standard argument 
from 0116] leads us from © to the conclusion that Vp pushes forward the measure v to the 
measure /j. 

Let us provide some details. The idea of this standard argument is to apply © with the 
function + eb, where £ > 0 is a small number and b : M n — > M is a bounded, continuous 

function. Denoting fj e = ft + eb for 0 < £ < 1 and p £ = %+, one verifies that 


dp £ (x) 


de 


e=0 


~b(V<p(x)) 


at any point x G M n in which p is differentiable (see, e.g., Berman and Bemdtsson © Lemma 
2.7] for a short proof). Consequently, by the bounded convergence theorem, 


= f b(x)dp,{x) — j b(Vp(x))du(x). (12) 

£ =0 Jm. 71 J R n 

However, the expression in (fT2l) must vanish according to ©. Recalling that the density of v is 
proportional to p~^ nJrq \ we conclude that © is valid for any bounded, continuous function b. 
Therefore p is the g-moment measure of p. □ 


d 

de 


f> e dp + / p e du 


Our next inequality is analogous to Theorem 8 from |fl2l . and may be viewed as an “above 
tangent” version of the Borell-Brascamp-Lieb inequality. 
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Proposition 3.7. Let q > 1 and let // be as in Theorem 13.21 Suppose that po : M n —* (0, oc) 
is a convex function whose q-moment measure is fi. Denote p = q — 1 and 0 O = pf Then ip 0 
is p-integrable, and for any p-integrable, proper, convex function ip \ : M n 4 MU {+oo} with 
" 01 ( 0 ) < 0 , denoting p\ = ip*, 




2(n + p) f R „ Po (n+P+1) 

p(W’ + ’ ,) ) ’ 


(ipo - Ipi)dp. 


We begin the proof of Proposition 13.71 with two reductions: 

Lemma 3.8. It suffices to prove Proposition 13. 7\ under the additional requirements that Dom(0i) C 
Don 100)) and that ip\ — ip 0 is bounded from below on Dom(0 o )- 

Proof It follows from Lemma I3T1 that D 0 (0) < 0. For N > 0 and x G M"' define /v(.r) = 
max{'0i(x), ipo(x) — N}. The functions ip 0 and ipi are negative at zero, and hence jf is a 
proper, convex function on M” with /at( 0) < 0 and Dom(/Ar) C Dom(0 o )- The function ip 0 
is //-intcgrablc according to Lemma [3041 The /i-integrability of ip 0 and ipi implies that f N is 
//-intcgrablc. Assuming that Proposition 13.71 is proven under the additional requirement in the 
formulation of the lemma, we may assert that 



-2/p 


> 



-2/p 


+ 


2(n + p)/,.V„- (n+P+1) 

/ x £±2 

p (/„. x/ n *’ } ) ’ 


(0o - /tv) dp. 


(13) 


All that remains is to prove that 




(14) 


and 



< liminf 

N—too 


l 

C f* N ) n+p ‘ 


(15) 


Since /at > ipi then ff < p\ and if * N y { ' n+v '' 1 > pf' n p: . Hence ( Ti31 ) holds trivially. Note that 
Pn \ 0i as N —> oo pointwise in Dom(0 o ). Since ip 0 is /r-integrable, the set Dom(0 o ) has 
a full /r-measure. Consequently, /^(x) \ ipi(x) as N —> oo for yU-almost any x G M n . The 
monotone convergence theorem implies (fl4l) . □ 


Lemma 3.9. It suffices to prove Proposition 13. 7\ under the additional requirement that Dom(0!) = 
Dom(0 o ) and that ipi — 0 O is bounded on Dom(0 o ). 


18 


















( 16 ) 


Proof. According to Lemma [3781 we may assume that for some C > 0, 


+ C > V’o(^) {x G R n ). 

It follows from (fT6l) that for any A r > 0, 

Po - N < max{^i, p 0 - N} < ip 0 + C. (17) 


For N > 0, let us define 

9n = (max{^i, p 0 - N })*. (18) 

Since <p 0 is a proper, convex function, it follows from (fTTT) that g^ '■ M”' lU {+oo} is a proper, 
convex function as well. It also follows from (fT71) that Domf/y v) = Dom(L’o) and that ()n ~ L’o is 
a bounded function on Doiii(R 0 ). The //-integrahi 1 ity of L 0 , proved in Lemma lT4l implies that 
g N is yn-integrable. We leam from (fl8l) that #^(0) < "01(0) < 0. Assuming that Proposition 13.71 
is proven under the additional requirement in the formulation of this lemma, we may assert that 
(fl3l) holds true when f N is replaced by g N . All that remains to prove is that 


fidp > limsup / gNdp 

N—>oo J TR™ 


(19) 


and 


/ —p+z < lim inf / 

J R" Pi N-i-oo J Rn 

Since ipi > g N then dl9l) holds trivially. Since Dom(<y9 0 


1 

0 9n ) u+p ' 

= R n , it follows from (fl8l) that 


( 20 ) 


9n = max{<^i, p 0 - N} pi 

pointwise in M n . Now (l20l) follows from Fatou’s lemma. 


□ 


Proof of Proposition 13.71 The /i-integrability of Lo follows from Lemma [3~4l while Lemma [3711 
implies that inf p 0 > 0. According to Lemma [3791 we may assume that Dom('0 o ) = Dom(-0i), 
and that 

M= sup |'0i — V’ol < oo. (21) 

Dom^o) 

Denote f{x) = fo(x) — fi(x) for x E Dom('0 o ) and f(x) = +oo for x £ Dom('0 o ). Set 
tpt = (1 — t)f o + tfi and ip t = yf. Thus Dom(y/y) = Dom(y/; 0 ) while i/j t = ip 0 — tf in the set 
Dom(^o)- At any point x E M" in which p 0 is differentiable, for any 0 < t < 1, 

“y=V<p 0 (aO” 

<Pt(x)=il>i(x)= sup l(x,y) -fo(y) + tf(y)] > <p 0 (x) + tf(V<p 0 (x)). (22) 

j/GDom(i/>o) 


Denote m = inf p 0 , which is a finite, positive number, thanks to the integrability of pf } ' 1 and 
to Lemma l3Tl By the Lagrange mean-value theorem from calculus, for any a. b. t E M with 

0 < t < mj (2 M), a > m and |6| < M, 


1 


1 


t [ (a + tb) n +P 


1 

a n +P 


n + p 

£n+p +1 


b < 


XI T P ^ Cn,p,m,M 

a n+p+l gn+p+1 


(23) 
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for some £ between a and a + tb, where 6' ri , p , m ,A/ > 0 depends only on n. p, m and M. It follows 
from (l22l) and (1231) that for any t G (0, m/(2M)), 


- [ 

1 

1 

<U 

t J JR" 

1 

1 

t J R™ 

n+p 

L <p t 

n+p 

Po J 

.(po(x)+ tf(V(p 0 (x))) n+ P 



< 


n 


P) 


f 0 Vy?o 

^o +P+1 


+ Ct 


t-> o+ 


rf +p+I 


(n + p ) 


da; 


/ 0 VV?o 

n+p+l ’ 

WO 


(24) 


where C = C n)V)rn ^M and we used the facts that (" +p+1 ) i s integrable and that / o V<y?o is 
an L°°-function. The relation (ITO) implies that |<y3 0 (x) — <p\(x)\ < M for all x G M n . Hence 
Dom((^ 0 ) = Dom(i/3 1 ) = M n . Consequently, the function 



(0 < t < 1) 


satisfies 7(0), 7(1) G [0, + 00 ). By Lemma l2Tl the function 7 is the square of a non-negative, 
convex funtion in the interval [0,1], Therefore 7 is a convex function. Consequently, the function 
7 is finite and upper semi-continuous in [0,1], being a convex function in the interval [0,1] which 
is finite at the endpoints of the interval. The lower semi-continuity of 7 at the origin follows from 
(l24l) . Hence 7 is continuous at the origin, and by convexity, 


7(1) — 7(0) > lirninf 

t-> 0+ 


t 


2 


P 



P+2 

P 


■ lim sup - 

t-s-0+ t 



2 (n + p) 

p 



f 0 Vlo 

m n +p + 1 ’ 

wo 



(25) 


where we used (l24l) in the last passage. The proposition follows from (l25l) and from the definition 
of /i as the g-moment measure of ip 0 . □ 


The proof of Proposition l3.7l looks rather different from the transportation proof of Theorem 
8 in [|T2l . The main difference is that above we apply the Borell-Brascamp-Lieb inequality in the 
form of Lemma 12. 11 while in [fl2ll we essentially reprove the Prekopa theorem. 

Proof of the uniqueness part in Theorem \3.2\ Assume that p {] . : M" —> (0, + 00 ) are convex 

functions whose g-moment measure is / 1 . Our goal is to prove that there exist A > 0 and G M n 
such that 

ipo(x) = \ipi(xo + x/X) for x Gl" (26) 

By Lemma l3Tl the integrals f Rn (f[ ( ' n+r> converge for all r > 0 and i — 0,1, since <p 0 and 
possess g-moment measures. Replacing <po(x) by its dilation (A x y?o)(^) = \<p 0 (x/\), we may 
assume that 

_2_ = ( f J_ 

n+p+l l / n+p 


^n+p+1- 


(27) 
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Indeed, replacing ip 0 by A x <p 0 has the effect of multiplying the left-hand side of dTTT) by A, hence 
we may select the appropriate dilation of tp 0 and assume that (l27l) holds true. Denote 0 = 93* 
for i — 0,1 and set 

'01/2 = (0) + '0l)/2. 

It follows from Lemma [3TTI that inf ipi > 0 for i — 0,1. Therefore 0(0) = — inf ipi < 0 for 
% — 0,1 and consequently 0/ 2 (O) < 0. Denote 931/2 = 00. Lemma [2~i1 implies that 


n+p 

0/2 


-1/p 




(28) 


According to Lemma l2Tl iiif. when equality holds in (1281) . there exist A > 0 and .x 0 e M n for 
which (l26l) holds true. All that remains to show is that equality holds in (l28l) . The functions 0 
and 0 are //-intcgrablc, according to Lemma lT4l Hence also 0/ 2 = (0+0)/2 is //-intcgrablc. 
Denote by a the quantity in (l27l) . Applying Proposition 13.71 for 0 and 0/ 2 we obtain 


-2/p 


n+p 

0/2 


> 


/ n+p 

'M n 9^0 


1 Y 2 \2±±Pl a [ 


p 


Applying Proposition 13.71 for ifii and 0 / 2 we obtain 


-2/p 


n+p 

0/2 


> 




0'V P 

Adding these two inequalities, and using 20 / 2 = 0 + 0, we have 


—2/p 

V) >- 

n+p I — 2 


0/2 


I n+p 

lR n 9?o 


-2/p 


+ 


n+p 


—2/p" 


(29) 


From (|29|) we deduce that equality holds in (1281) . because ■>/(a 2 + 6 2 )/2 > (a + 6)/2 for all 
a,b > 0. This completes the proof. □ 


For a smooth function / : M n —> R we write V 2 /(0 for the Hessian matrix of / at the point 
x G M”. A smooth function / : L —>■ R is strongly-convex , where L C M n is a convex, open 
set, if V 2 /(0 is positive-definite for any x E L. Suppose that L C R n is a non-empty, open, 
bounded, convex set. We are interested in smooth, convex solutions 93 : —» (0, 00 ) to the 

equation with the constraint 

f det V 2 93 = C/ip n+2 inR n 

\ V93(M n ) = L (JU) 

where C > 0 is a positive number. Here, of course, Vy^IR”) = {V 930 ); x 6 M n }. Thanks 
to the regularity theory for optimal transportation developed by Caffarelli [j 8 l and Urbas [|27l . 
Theorem 13.21 admits the following corollary: 
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Theorem 3.10. Let L C R n be a non-empty, open, bounded, convex set. Then there exists a 
smooth, positive, convex function p : M" —> M solving t liOl) if and only if the barycenter of L 
lies at the origin. Moreover, this convex function p is uniquely determined up to translation and 
dilation. 


Proof. Let p be the uniform measure on L, normalized to be a probability measure. Assume first 
that the barycenter of L lies at the origin. Then the origin belongs to the interior of Supp(/i). 
Applying Theorem 13.21 with q — 2 we obtain a positive convex function p : M n —>■ M. whose 
g-moment measure is p. That is, for any bounded, continuous function b : L —> M, 


b(y)dy = C L , 


b(X7p(x)) 
p n+2 (x ) 


dx, 


(31) 


where Cl# = Vol n (L)/ f Rn p ~^ +2 ">. Caffarelli’s regularity theory for optimal transportation (see 
If8l and the Appendix in [jTJ) implies that p is C°°-smooth in W l . It follows from (|3TT) and from 
the change-of-variables formula that for any x € M n , 

det V 2 p(x) = ^ . (32) 

p n+2 (x) 

In particular, the Hessian V 2 p(x) is invertible and hence positive-definite for any x e M r \ Since 
p : M” —)■ M is a smooth, strongly-convex function, the set 'Vp(M n ) is convex and open, accord¬ 
ing to Theorem 26.5 in Rockafellar lf26l or to Section 1.2 in Gromov ifTTIl . From (I3TI) we obtain 
that V<^(M”) = L, thus p solves (l30l) . 

Moreover, we claim that the smooth, positive, convex solution p to (l30l) is uniquely de¬ 
termined up to translation and dilation. Indeed, any such solution p is strongly-convex, and 
consequently Vp is a diffeomorphism between M ri and the convex, open set Vy?(M n ) = L. From 
(l30l) and the change-of-variables formula we thus learn that p is the g-moment measure of p with 
q = 2. By Theorem 13 .21 the function p is uniquely determined up to translation and dilation. 


In order to prove the other direction of the theorem, assume that p is a smooth, positive, 
convex solution to (l30l) . As explained in the preceding paragraphs, p is the g-moment measure 
of p, with g = 2. Proposition [3J] now shows that the barycenter of p lies at the origin. □ 


4 The affine hemisphere equations 

In this section we review the partial differential equations for affinely-spherical hypersurfaces de¬ 
scribed by Tzitzeica [24, 25], Blaschke 0 and Calabi lITOll . Recall from Section[j]the definition 
of the affine normal line G/fy) which is a line in M " +1 passing through the point y of the smooth, 
connected, locally strongly-convex hypersurface M C M n+1 . We use y = (x,t) e R" x M as 
coordinates in M n+1 . For a set L C M n and a function : L — )■ R denote 

Graph L (-0) = {(x,f>(x)) ; x G L} C M n x R = M n+1 . 

The affine normal line £m(u) depends on the third order approximation to M near y, as shown 
in the following lemma: 
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Lemma 4.1. Let M C M n+1 be a smooth, connected, locally strongly-convex hypersurface. Let 
L C M" be an open, convex set containing the origin. Assume that U C M n +1 is an open set such 
that 

M HU = Graph L (-0) 

where f : L —>• M is a smooth, strongly-convex function with -0(0) = 0. Vb'(O) = 0 and 
V 2 C(0) = Id. Here, Id is the identity matrix. 

Then for y 0 = (0,0) G M, the line £ Aril-Jo) is the line passing through the point y 0 in the 
direction of the vector 

(- (V 2 ^(0)) _1 • V(logdet V 2 ^)(0),n + 2^ e I" x I = M n+1 . (1) 


Proof. The vector v = (0,1) G M n x I is pointing to the convex side of M at the point y 0 . The 
tangent space to M at the point y 0 is H = T yo M = { (x, 0); x G M n }. For a sufficiently small 
t > 0, the section M t — M D (H + tv) encloses an n -dimensional convex body Q t C H + tv 
given by 

fl t = {(x, f) 6l n xl; fix) < t] . 

Denote a t j k = d' ljk, tJj(Q) = dx .^ dxk (0)- By Taylor’s theorem, for a sufficiently small t > 0, 

f U|2 i ™ 

= < (x, t) G M n x R ; — + - 2J a ijk XiXjX k + 0(|a:| 4 ) < t 

f i,j,k= 1 

where 0 (|x| 4 ) is an abbreviation for an expression that is bounded in absolute value by G'|a;| 4 , 
where C depends only on M. By using to the spherical-coordinates representation of Q/, we see 
that for a sufficiently small t > 0 , 

^ = |(re, Vi/ 2) ; 0 e S“-‘,0 < r < r,(0) = 1 - + 



where f 1//2 • O t / 2 = { y/\/i ; y G O t / 2 }. Consequently, the barycenter satisfies bar(0 4 / 2 ) = 
(x t ,t/2) for 


_ /- n fgn-! d r t jd) n+1 d6 
i n + 1) f Sn -i r t id) n d9 


n 

-t ■ — 

6 


9 


I fin -1 


E da n _i(6») + 0(f 3/2 ), 


where <r n _i is the uniform probability measure on ,S' n 1 . Let X = (Ad,. .., X n ) be a stan¬ 
dard Gaussian random vector in R n , and recall that EX 2 = 1 and EX 4 = 3 for all i. For 
any homogenous polynomial p of degree 4 in n real variables, we know that Ep(X) = n(n + 
2) / sn _ip( 6 *)d(T„_i( 6 >). Hence, 


bar(O t/2 ) = -t 


n 


6 n(n + 2) 


EX 


^ ^ dp k -2Q Xj X k 

j,j,k=l 


+ Of 3/2 ),t /2 
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Consequently, the line £ m { u o) is in the direction of the vector 



_i,j,k=l 


, 3(?i -T 2) 


( — 3V(A0)(O), 3(n + 2)), 


where A0 = Y^= i<9 M 0- Since V 2 0(O) = Id, we see that V(A0)(O) = (V 2 0(O)) ^VQogdet V 2 0)(O), 
and the lemma is proven. □ 


Suppose that V is a finite-dimensional linear space over M, and let 0 : V —> M be a smooth, 
strongly-convex function. In general it is impossible to identify a specific vector in V as the 
gradient of the function 0 at the origin, unless we introduce additional structure such as a scalar 
product. Nevertheless, a simple and useful observation is that the vector 

(V 2 0(O)) _1 • V (log det V 2 0) (0) (2) 

is a well-defined vector in V. This means that for any scalar product that one may introduce in V, 
we may compute the expression in © relative to this scalar product, and the result will always 
be the same vector in V. 

Lemma 4.2. Let M C M " +1 be a hypersurface and let L C R n be a non-empty, open, convex 
set. Suppose that 0 : M n —>lU{+oo} isa proper, convex function whose restriction to the set 
L is finite, smooth and strongly convex. Denote A(x) = log det V 2 vfx)for x G L. Assume that 

M = Graph L (0). 

Let xq e L and denote yo = (xo, f(xo)) G M. Then the affine normal line Q M n+1 is the 

line passing through the point yo G M n+1 in the direction of the vector 

(- (V 2 0)VA, n + 2 - ^ (V 2 0) ^ VA, V0^) GR"xI = M n+1 , (3) 

where all expressions are evaluated at the point xq. 

Proof. Translating, we may assume that x 0 = 0 and 0(0) = 0. Consider first the case where 
also V0(O) = 0. In this case, the vector in © does not depend on the choice of the Euclidean 
structure in K n , hence we may switch to a Euclidean structure for which V 2 0(O) = Id. Thus © 
follows from Lemma |4~TI in this case. In the case where v := V0(O) is a non-zero vector, we 
apply the linear map in M n+1 , 

(x, t ) i—x (x, t — (x, v)). 

This linear map transforms M to the graph of the convex function 'if (x) —rp(x) — v), and it 

transforms the vector in © to the vector 

(- (V 2 0i(O)) _1 • V(logdetV 2 0i)(O),n + 2) G M n+1 . 

Since V0i(O) = 0, we have reduced matters to the case already proven. □ 
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Remark 4.3. The affine normal lines considered in this paper are closely related to the affine 
normal field which is discussed, e.g., by Nomizu and Sasaki l!20l Section II. 3]. The affine normal 
field is a certain map £ : M —> M " +1 that is well-defined whenever M C M n+1 is a smooth, 
connected, locally strongly-convex hypersurface. The relation between the affine normal field 
and the affine normal line is simple: For any y E M, the affine normal field p y is pointing in the 
direction of the affine normal line £m(u)- Indeed, using affine-invariance it suffices to verify this 
in the case where M = Graph L (-0). Example 3.3 in [20, Section II.3] demonstrates that when 
M = Graph L (-0), for any x E L and y = (x, ip(x)) E M, 

(VIof V 2 ?/;WG+ 2 ) 

£„ = — -^- (-(V 2 '0) _ 1 VA, n + 2 - <(V 2 ^)' 1 VA, V^» e R" x R, (4) 

n + 2 v x '' 

where A = log det V 2 V and all expressions involving ip and A are evaluated at the point x. The 

vector in © is proportional to the vector described in Lemma l4~2l and hence £ y is pointing in the 
direction of the line £m(v)- 

Proposition 4.4. Let M, L and ip be as in Lemma 14.21 Denote p = ip* and = 'Vip(L) = 
{Vippx) ; x E L}. Then the following hold: 

(i) The set Q C M” is open and the function p is smooth in Q. 

(ii) The hypersurface M is affinely-spherical with center at the origin if and only if there exists 
C E K \ {0} such that 

p n+2 • det S7 2 p = C in the entire set Q. (5) 


Proof The function ip is smooth and strongly-convex in the open, convex set L. By strong- 
convexity, the smooth map Vip : L Q is one-to-one (see, e.g., E 6 l Theorem 26.5]). Moreover, 
the differential of the smooth map Vip : L —» is non-singular, and by the inverse function the¬ 
orem from calculus, the set Q = Vip(L) is open and the map Vip : L -E Q is a diffeomorphism. 
According to E 6 l Corollary 23.5.1], the inverse of the map Slip is the smooth map Vyj : O — > L, 
and hence 

VV = (V 2 ?/;) -1 o Vp. (6) 

Thus (i) is proven. We move on to the proof of (ii). Assume first that M is affinely-spherical 
with center at the origin. Then for any x E L, the vector in © is proportional to (x, ip(x)). That 
is, for any x E L, 


ip(x)(V 2 ip) 1 V (log det V 2 ^) = n + 2-/(X7 2 iP) 1 V (log det V 2 ^) , 


x. (7) 


By using the shorter Einstein notation we may repharse © as follows: for x E L and i = 
1 . n. 


- ipipf = [n + 2- ip J k K ipj ) x 


jk 


( 8 ) 
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Let us briefly explain this standard notation. We denote x = (x 1 ,..., x n ) G M n ,V 2, 0(x) = 
{Aj(x))i,j=i,..., n and (V 2, 0) _1 (x) = (V» y (x))i,j=i,...,n- We abbreviate ^ = Y^=iV k Aji and 
4k = E",m= _j v}' d v 3rn 'ip( rn k, where 'ip r]k = d t]k 'ip. The sums are usually implicit in the Einstein 
notation: an index which appears twice in an expression, once as a superscript and once as a 
subscript, is being summed upon from 1 to n. The Legendre transform fits well with the Einstein 
notation, thanks to identities such as 

^ k ( x ) = -(p ijk (y) and ^ k J (x) = 

where expressions involving -0 are evaluated at the point x G L and expressions involving ip 
are evaluated at the point y = V0(x) G Cl. Here, (VV) _1 (?/) = ((p 13 (y))i,j=i, ..., n and ! p k 3 = 
(p £k (pije. We may thus change variables y = V0(x), and translate ([8]) to the equation: for any 
y G Cl and i — 1,... ,n, 


(j/Vj - <p) Vik = { n + 2 + y k jk y 3 ) Vi- (9) 

The function 0 is smooth and strongly convex, hence the set {x G L ; ip(x) ^ 0} is an open, 
dense set in L. Denote U = {y G Cl ; , ip(V<p(y)) 0 0}, an open, dense set in Cl. For any y G U 
we may define 

n + 2 + kV > 

{VI (E tSvA-v 

Thus <p k k = Aipi throughout the set U, according to ©. Moreover, the following holds in the set 
U, for i = 1 ,..., n: 

y J VjVik = Ay J <Pj<Pi = y> k jk y J ipi. ( 10 ) 

From © and (fTOl) . we have 

- <P<Pik = ( n + 2 )^- ( 11 ) 

The validity of (fUT) in the dense set U C Q implies by continuity that (flTT) holds true in the entire 
open set Cl. By multiplying (fill) by (p n+l ■ det V 2 </? we obtain that in all of Cl, 

V(ip n+2 • det V 2 v?) = 0. (12) 

The set Cl is connected, being the image of the connected set L under a smooth map. Hence 
det V 2 (p ■ <p n+2 = C in Cl. This constant C cannot be zero according to ©, because det V 2 <p 
never vanishes in Cl and (p is not the zero function. This completes the verification of ©. We have 
thus proven one direction of (ii). However, all of our manipulations in this proof are reversible: 
The validity of © implies the validity of (fill) , which in turn leads to © and eventually to ©. 
Hence © implies that M is affinely-spherical with center at the origin. □ 

The following proposition is close to the original definition of affinely-spherical hypersur¬ 
faces given by Tzitzeica |[24ll25ll . 
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Proposition 4.5. Let M C M n+ 1 be a smooth, connected, locally strongly-convex hypersurface. 
For y G M write K y > 0 for the Gauss curvature of M at the point y and denote 


py = {y, N v) 


where N y G R" +l is the Euclidean unit normal to M at the point y, pointing to the concave side 
ofM. Then M is affinely-spherical with center at the origin if and only if there exists C G K\ {0} 
such that Py + ' 2 /K y = C for all y G M. 

Proof See Nomizu and Sasaki 11201 Section II.5] for a proof of this proposition, or alternatively 
argue as follows: Since M is connected, it suffices to show that M is affinely-spherical with 
center at the origin if and only if the function y p y +2 /K y is locally-constant in M and it never 
vanishes. 

Fix y 0 G M. By applying a rotation in M" +1 , we may assume that in a neighborhood of yo, 
the hypersurface M looks like the graph of a strongly-convex function. That is, we may assume 
that there exist an open set U C R n+1 with y 0 G U, a convex, open set L C W" and a proper, 
convex function : M n —» M U {+oo} which is finite, smooth and strongly-convex in L, such 
that 

M fl U = Graph L ('0). 

A standard exercise in differential geometry is to show that for any x G L, at the point y = 

x )), 

{x, Vip(x)) -'f(x) 

Pv — - / , (13) 

y/TTWWW 

and 

K y = det X7 2 f>(x) ■ (1 + |V^(aO| 2 )“ n/2_1 . (14) 

Denote p = From (fl3l) and (fT4l) we obtain that 


p n+2 

ffy _ 

K„ 


({x, X7f(x)) — f>(x)) 
det V 2 f>(x) 


n +2 


= p n+ 2 (z)- det V 2 p(z) 


where z = Kip(x). The desired conclusion now follows from Proposition 14.4[ 


□ 


5 The polar affinely-spherical hypersurface 

In this section we prove Theorem ll.2[ We begin with a variant of a construction in convexity con¬ 
sidered by Artstein-Avidan and Milman [O and by Rockafellar [26], Section 15]. Fix a dimension 
n, and denote 

u + = {{x,t) GR"xR;f>0}C R n+1 , FT = {(x,f) GR”xl;t< 0} C R n+1 . 
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Consider the fractional-linear transformations J + : FL + —> Ft and / : H —>■ FL + defined via 





I ( y,s ) 



Then I + is a diffeomorphism whose inverse is / . A subset V C FL ± is a relative half-space if 
V = A n 'H ± where A C M n+1 takes the form 


A = {(x, t) G R n x M ; (x, 6) + bt + c > 0} C M n+1 

for some 6 G R n , 5, c G M. Note that a relative half-space V C 7T t: is a relatively-closed subset 
of FL ± . We say that a relative half-space V C FL ± is proper if V and FL ± \ V are non-empty. 


Lemma 5.1. The maps I + and I transform relative half-spaces to relative half-spaces. 


Proof Let 0 e R'\ b. : c G R. Then for any subset V C "H + , 


y= {(x,t) en + ] {x,6) + bt + c> 0} «/+(C) = {(y,s) en~ ] {y,9) -cs + b> 0}. 

Hence V C is a relative half-space if and only if I + (V) C TL is a relative half-space. □ 


Any relatively-closed subset A C which is convex is the intersection of a family of 
relative half-spaces in TL ± . From Lemma 15711 we conclude the following: 

Corollary 5.2. The maps I + and I~ transform relatively-closed, convex sets to relatively-closed, 
convex sets. 

Similarly to Rockafellar [26, Section 15], we say that the set / ± (A) is the obverse of the set 
A C TL ± . See Figure [2| for an example of a convex set and its obverse. The polar body of a 
convex subset S C is defined via 

S° = {x e R d ; Vy e S , (x,y) < 1} . 

The set S° is always convex, closed and contains the origin. If S C is convex, closed and 
contains the origin, then ( S°)° = S. For a subset 5C1“ and for a function F : S —> MU {+oo} 
we write 

Epigraph s .(F) = {(x,t) G S x M; F(x) < t} C M" +1 . 

When S = M n we abbreviate Epigraph(F) = Epigraphy (F). Note that a function F : R" —> 
M U {Too} is proper and convex if and only if Epigraph(F) is convex, closed and non-empty. 
The obverse operation interchanges between the Legendre transform and the polarity transform: 

Proposition 5.3. Let tp : M n —> (0, Too] be a proper, convex function and denote F = p*. Then, 

J + (Epigraph((^)) = Epigraph^) 0 fl PL~. (1) 

Moreover, iff( 0) < oo then Epigraph(-0)° \ FL~ = {(x, 0) ; x G 00111(0)°} C M n x M. 
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Figure 2: A semi-circle and its obverse, which is a branch of a hyperbola. 


Proof. Denote A = Epigraph (</?) and note that A C Ti + because tp is positive. For any (y, —s ) G 

OJ— 

(y,s) e I + (A) (y/s, 1/s) G A <p(j//s) < i/s. (2) 

Recall that (s0)*(y) = s<p(y/s ) for any y G M” and s > 0. By ©, for any (y, —s ) G "H~, 

(y, — s) G J + (A) <£=>■ (si(})*(y) < 1 -<=>■ Vx G Dom(^), (x, y) — sf>(x) < 1. 

Consequently, 

I + (A ) = {(?/, s) G M n x R; s < 0, ( x , y) + s^(?/) < 1 for all x G Dom(-0)} (3) 

= {(i/,s)gR"xK;s<0, (x, y) + ts < 1 for all (x, f) G Epigraph(-0)} . 

Hence / + (A) = Epigraph(0)° fi and O is proven. Next, assume that 0(0) < oo. Then 

Epigraph(0) contains all points of the form (0 ,t) for t > 0(0). Therefore, for any (y,s) G 
Epigraph(0)°, 

(0, y) + ts < 1 for all t > 0(0), 

and hence s < 0. We conclude that Epigraph(0)° \ C {(t/,0) ; t/ G M rt }. Consequently, 

Epigraph(0)° \ "H - = {(y, 0) ; y G M n , (x, y) + t ■ 0 < 1 for all (x, t) G Epigraph(0)} 

= {(y, 0); y G M n , (x, y) < 1 for all x G Dom(0)} = {(y, 0) ; y G Dom(0)°}. □ 

For a subset A C 'H ± C M n+1 we write A C M n+1 and OA C M” +1 for the usual closure 
and boundary of the set A, viewed as a subset of M n+1 . Similarly, when A C 'H ± C M n+1 is 
convex, we write A° for its polar body, where again A is viewed as a convex subset of M n+1 . 
When A C H ± is relatively-closed, its closure A is contained in 'H ± , and A D 'H ± = A. Note 
that the relative boundary of a subset A C 'H ± equals (dA) fl 

Lemma 5.4. The two dijfeomorphisms 7 ± transform smooth, connected, locally strongly-convex 
hypersurfaces to smooth, connected, locally strongly-convex hypersurfaces. 
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Proof. Let M C 'H ± be a smooth, connected hypersurface. A locally-supporting relative half¬ 
space at the point y £ M is a proper, relative half-space A C TL ± with y G <9/1 such that 
A DMHU for some open neighborhood U C of the point y. 

A smooth, connected hypersurface M C TL ± is locally strongly-convex if and only if for 
any y G M there is a unique locally-supporting-relative-half-space at the point y, which varies 
smoothly in y G M and without critical points. 

The diffeomorphisms / ± induce a diffeomorphism between the space of proper, relative half¬ 
spaces of TL + and the space of proper, relative half-spaces of TL~, as we see from the proof of 
Lemma 15711 Thus, if M C TL ± is a smooth, connected, locally strongly-convex hypersurface 
then the same holds for J ± (M). The lemma is thus proven. □ 

We say that a subset A C TL ± is bounded from below if there exists (x 0 , t 0 ) G TL ± such that 

t > t 0 for all (x, t ) G A. 

It is easy to verify that if A C TL ± is bounded from below, then its obverse is also bounded from 
below. 

Lemma 5.5. Let L C M n be a bounded, open, convex set containing the origin. Let B C 'H be 
a relatively-closed, convex set that is bounded from below. Assume that the set (<9 B) (T TL is a 
smooth, connected, locally strongly-convex hypersurface, while (OB) \ PL = { (x, 0) : x G L°}. 

Then there exists a proper, convex function yj : M" ; — y M U {+oc} with I)om(L) = L, that 
is smooth and strongly-convex in L, with V^(L) = M n , L(0) < 0 and B = Epigraph^) 0 . 
Moreover, I~(B) = Epigraph ( 99 ) where ip = f>*. 

Proof. Since B C TL^ , for any ( x , t) G R” x R and r > 0, 

(x,t) G B° (x, t + r) G B°. 

Therefore the closed set B° satisfies B° = Epigraph^/;) where L : K"' GlU {+ 00 } is defined 
via 

fi{x) = inf {t G R; (x, t) G B°}. 

Here, inf 0 = + 00 . Since B° C M” +1 is closed, convex and it contains the origin, the function 
is necessarily proper and convex. The set B is closed, convex and it contains the origin, as 
follows from our assumptions. Since B — B° — Epigraph^) while B C TL ~ is relatively- 
closed, 

B = Epigraph(r/0° and B — B fl TL~ = Epigraph(-^)° fl TL~. (4) 

The set B C TL~ is bounded from below, hence there exists to < 0 such that t > to for all (x,t) G 
B. Therefore (0, 1/to) £ B° and thus ip(0) < 0. Denote <p = f>*. Then <p : —y (0, + 00 ] is 

proper and convex. By © and Proposition 15 .31 

A := I~(B) = /“(Epigraph^) 0 fl = Epigraph^) (5) 
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and moreover, 


(dB) \ n~ = B\n~ = Epigraph (r/>)° \ = {(x, 0) ; x G Dom(^)°}. (6) 

However, (dB) \ FL~ = {(x,0); x G L°} according to our assumptions. From © we thus 
deduce that L° = Dom(^)° and L = Dom(^>). Since Dom(^) C R n is bounded and p = ft*, 
necessarily 

Dom(</?) = W 1 (7) 

by 1 26. Corollary 13.3.3]. The map I is a homeomorphism, and hence it transforms the relative¬ 
boundary of B C FL~, which is the set (dB) IT H~, to the relative-boundary of A C FL + , which 
is the set (dA) IT FL + . Since the relative-boundary (dB) IT FL~ is a smooth, connected, locally 
strongly-convex hypersurface, Lemma [5~4l implies that also the hypersurface 

(dA) nn + = r((dB)nu~) 

is smooth, connected and locally strongly-convex. Since inf ip = — ip(0) > 0, the relations © 
and © imply that 

(dA) IT FL + = dA = Graphs (</}). 

Hence Graph R „ (<p) is a smooth, connected, locally strongly-convex hypersurface. Consequently 
p : M n —» M is smooth and strongly-convex. This implies that the set Vp=(R n ) is the interior of 
Dom(</?*) (see, e.g., [26i Theorem 26.5] or [TTTl Section 1.2]). We conclude that X7(p(M. n ) = L, 
and []26l, Theorem 26.5] shows that the function -0 = p* is smooth and strongly-convex in L with 
Vijj(L) = M n . We have thus verified all of the conclusions of the lemma. □ 


There are two convex epigraphs that are associated with the convex set B C T-L~ from Lemma 
15.51 the obverse of B is Epigraph(<p) while the polar of B is Epigraph^). We may think 
about this triplet of convex sets as three different “coordinate systems” for describing the affine 
hemisphere equation. We will shortly see that dB IT 1-L~ is an affine hemisphere centered at the 
origin if and only if Epigraph/ (h) is affinely-spherical with center at the origin, which happens 
if and only if ip satisfies det V 2 (p = C/ip n+2 . Recall that for a smooth hypersurface M C R’ l+ 1 
and y e M, we view the tangent space T y M as an n-dimcnsional linear subspace of M n+1 . 

Definition 5.6. Let M C R"'" 1 ' 1 be a smooth, connected, locally strongly-convex hypersurface. 
Assume that y (f T y M for cdl y G M. For y G M define the vector u y G R n+1 via the 
requirements that 

(v y ,y) = 1, Uy _L TyM. 

We refer lo u : M R n+1 as the “polarity map”. We define the “polar hypersurface” M* via 

M* := u(M) = {u y ; y G M} . 
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What is the relation between polar hypersurfaces and polar bodies? If S C R" +l is a convex 
set and if M C dS is a smooth, connected, locally strongly-convex hypersurface for which the 
polarity map is well-defined, then M* C dS°. Thus, Definition 15.61 provides a local version 
of the theory of convex duality: a piece of the boundary of S is polar to a certain piece of the 
boundary of S°. 

Suppose that M C M n+1 is a smooth, connected, locally strongly-convex hypersurface such 
that y 0 T y M for all y G M. It is well-known that M* is always a smooth, connected, locally 
strongly-convex hypersurface such that y 0 T y M* for all y G M*. Furthermore, the polarity 
map v : M —> M* is a diffeomorphism, and its inverse is the polarity map associated with M*. 
In particular, (M*)* = M. 

Lemma 5.7. Let L C M" be an open, bounded, convex set containing the origin. Let 0 : M n — y 
M U {+ 00 } be a proper, convex function with 0(0) < 0 such that L = Dom(0). Assume that 0 
is smooth and strongly-convex in L with V0(L) = M". Denote 

M = Graph L (0) and K = Epigraph(0)°. 

Then M* is well-defined, the convex set K is compact with dim(iT) — (n + 1), and 

(dK) nr = M* while ( dK) \ U- = {(x, 0); x e L°} . (8) 


Proof. Define p = 0*. Since V0(L) = M n , necessarily Dom(^) = by 126, Corollary 
13.3.3]. Since 0(0) < 0, the function p : R n —y M is positive and convex. Denote A = 
Epigraph(cp) C TL + and B = K fl TT^. By Proposition 15 .31 

B — K fl TL^ = Epigraph(0)° fl TL~ = / + (Epigraph((p)) = I + (A). (9) 

Since p : M” —> M is convex and positive, we may assert that OA D TL + = ()A = Graph Rn (</?). 
Consequently 

dK n K~ = dB n K - = I + (dA n n + ) = /+ (Graphs (^)). (10) 

Since 0 is smooth in L, the identity ip(x) + p{S7f>{x)) = {x, V0(x)) holds for all x G L. The 
fact that V0(T) = M" thus implies 

Graph R „( 93 ) = {(V0(x), {x, Vtp(x)) — 0(x)) eK"xR;i6f}. (11) 

Note that (x, V0(x)) — ip(x) = p(X7fi(x)) > 0 for all x G L, and hence v y is indeed well- 
defined. It follows from Definition 15.61 that for x G L and y = (x, 0(x)) G Graph L (0), 

= /+ { W(X) ' {X ’ mx)) ” ^ } ' <12) 

Since M = Graph L (0) and M* = u(M ), by (flOl) . (fill) and (fl2l) . 

M* = z/(Graph L (0)) = J + (Graph R „(93)) = dK fl TL~. (13) 
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Proposition 15 .3 1 shows that K = Epigraph (-0)° C TL~. In fact, according to Proposition 15.31 

(dK) \ n~ = K\n~ = {(x, 0); x G Dom(^)°} = {(x, 0); x G L°}. (14) 

Now ® follows from (fl3l) and (fl4l) . It follows from ® that dim (A') — n + 1, since the convex 
set AT affinely-spans the hyperplane (JH while it also contains points outside this hyperplane. 
Moreover, since 0 G L and ?/;(()) < 0, the convex set Epigraph^/;) contains a neighborhood of 
the origin in M n+1 . Therefore the closed set K = Epigraph (A) ° is bounded, and hence it is 
compact. □ 


Recall from Proposition 14.51 that N y is the Euclidean unit normal to M at the point y that is 
pointing to the concave side of M. Recall also that we denote p y = ( N y ,y ). It follows from 
Definition 15.61 that if p y f 0 for all y G M then the polarity map is well-defined, and 

v y = — for all y G M. (15) 

Py 

The map N : M —* S n is the Gauss map associated with M, and we see that the polarity 
map is proportional to the Gauss map. We define the cone measure on a smooth hypersurface 
M C R" +1 to be the measure p \,t supported on M whose density with respect to the surface area 
measure on M is the function y \p y \/{n + 1). The reason for the term “cone measure” is that 
for any Borel subset S C M that does not contain two distinct points on the same ray from the 
origin, 

Pm(S) = Vol n+ i ({tx ; 0 < t < 1, x e S}). 

Proposition 5.8. Let M C M n+1 be a smooth, connected, locally strongly-convex hypersurface. 
Then M is affinely-spherical with center at the origin if and only if the following holds: The 
polarity map v : M —>■ M* is well-defined, and it pushes forward the cone measure pm to a 
measure proportional to the cone measure Pm*- 


Proof If M is affinely-spherical with center at the origin then the polarity map of M is well- 
defined, since p y f 0 for all y e M according to Proposition 14.51 For y e M let S y : T y M 
T y M be the shape operator associated with the Euclidean unit normal N. Then det(,5' y ) is the 
Gauss curvature K y > 0. For any vector field X tangent to M we have 


D x v = D x (JV/p) 


S(X) D x p „ 

n „2 JV ' 


(16) 


where Dxv G M n+ 1 is the derivative of v in the direction of X. Write Du : TM —> TM* for the 
differential of the smooth polarity map u. Then for any y G M, the map ( Du) y is a linear map 
from the tangent space T y M = v y to the tangent space T Uy M* = y 1 . Here, y 1 is the hyperplane 
orthogonal to y in M n+1 . From ( |T6l ), for any y G M and u G T y M, 


Sy(u) = py ■ Proj u ± ((Dv) y (u )), 


(17) 
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where Proj u ± is the orthogonal projection operator onto vfi- in R n+1 . The operator Proj u ± : 
y L —* Vy distorts n-dimensional volumes by a factor of \(y, v y )\/(\y\\v y \). The linear map 
( Dv) y : b>y —>• jr 1 distorts volumes by a factor of | det(Du) y \. Hence, by (fT71) . for any y G M, 

Ky det(<5j / ) \p y \ • I^n^i -\det(Du)y\ \ y \\ Uy \n+i ' (18) 

where we used (fl5l) in the last passage. In fact, according to (fl5l) . the cone measure p M has 
density y i—>• 1 / (fn + T)\v y \) with respect to the surface area measure on M. Denote by 6 the 
measure on M whose density with respect to the surface area measure is K y \u y \ n+1 / (n + 1). 

Recalling that the polarity map of M* is inverse to that of M, we deduce from (fT8l) that v 
pushes forward 0 to the cone measure p M *. Consequently, v pushes forward p M to a measure 
proportional to p M * if and only if 9 is proportional to p M , be., if and only if there exists C > 0 
such that 

Ky\v y \ n+1 /(71 + 1) = C/((n + l)\v y \) for all y e M. (19) 

Recall that l/l^l = \p y \, and that v and p are continuous in the connected manifold M. By 
Proposition 14.51 the hypersurface M is affinely-spherical with center at the origin if and only if 
there exists C > 0 such that (fl9l) holds true. This completes the proof. □ 


Since the polarity map of M* is the inverse to the polarity map of M, Proposition [578] has the 
following well-known corollary: 

Corollary 5.9. Let M C M n+1 be an affinely-spherical hypersurface with center at the origin. 
Then the polar hypersurface M* is well-defined, and it is again affinely-spherical with center at 
the origin. 

Theorem 5.10. Let L C M n be an open, bounded, convex set containing the origin. Then the 
following are equivalent: 

(i) The barycenter of L lies at the origin. 

(ii) There exists a proper, convex function v: : R n -4lU {+ 00 } with Dom(C) = L such that 
Graph i ('0) is affinely-spherical with center at the origin, and such that v: is smooth and 
strongly-convex in L with Vip(L) = K n and R(0) < 0. 

Moreover, assuming (i) or (ii), the function v: from (ii) is uniquely determined up to a multipli¬ 
cation by a positive scalar A > 0 and an addition of a linear function (fix) = ( x, v), for some 

v G W\ 


Proof. Assume (i). According to Theorem 13 .101 there exists a smooth, positive, convex function 
<p : M n —y K. with Vy?(!C) = L such that 


det V V 


C 

ip n+2 


in 


( 20 ) 
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for some constant C > 0. Denote 0 — ip*. From [f26l Theorem 26.5] we know that Dom(0) = L 
and that 0 is smooth and strongly convex in L with V0(L) = W. According to Proposition 
14.41 equation (l20l) implies that Graph L (0) is affinely-spherical with center at the origin. The 
infimum of ip is attained and is positive because 0 G L. Hence 0(0) < 0, and we have verified 
all conclusions in (ii). 

Next, assume (ii) and let us prove (i). Denote p = 0*. Since L = Dom(0) is a bounded set, 
necessarily Dom^) = R n by [26] Corollary 13.3.3]. Since 0 is smooth and strongly-convex 
in L with V0(L) = R" and 0(0) < 0, necessarily ip is a positive, smooth, strongly-convex 
function in W 1 with V<^(R n ) = L. Since Graph L (0) is affinely-spherical with center at the 
origin, Proposition 14.41 shows that (l20l) holds true. Theorem 13.101 now implies (i). Moreover, 
Theorem 13. 101 states that p is uniquely determined up to translations and dilations, implying that 
0 is determined up to the transformation described above. □ 

Let K C R n be an n-dimensional, non-empty, bounded, convex set. The Santald point of K 
is the unique point z{K) G R n such that 

Vol n ((K - z(K))°) = inf Vol n (K - z)° 

zeR n 

where K — z = {x — z; x e K}. The Santalo point of K is well-defined and it belongs to the 
interior of K, see [|22l Section 7.4]. The Santald point of K satisfies z(K) = 0 if and only if the 
barycenter of K° is well-defined and it lies at the origin. The Santald point is affinely-invariant: 
for any invertible, affine transformation T : R n —» R n we know that z(T{K )) = T(z(K)). 
Hence the Santald point is well-defined for any non-empty, bounded, convex set embedded in 
some finite-dimensional real linear space. 

Proof of the existence part of Theorem ]! .21 By applying an affine transformation in R n+1 , we 
may assume that the Santald point of K lies at the origin, and that 

K C {(x, 0); x G R n }. 

Write K\ C R n for the interior of the set {x G R n ; (x, 0) G K}. Then K { C M” is an open, 
convex set whose Santald point lies at the origin. Hence C R" is a compact, convex set 
containing zero in its interior such that the barycenter of lies at the origin. Write L C R" 

for the interior of . It follows from Theorem 15.101 that there exists a proper, convex function 
0 :1" -t 1 U {+°°} with Dom(0) = L such that 

M := Graph L (0) 

is affinely-spherical with center at the origin. Moreover, V0(L) = R n and 0(0) < 0. Denote 

K = Epigraph(0)°. 

According to Corollary 15.91 the hypersurface M* is affinely-spherical with center at the origin. 
Furthermore, Lemma l5Jl shows that K C W n+1 is an (n + 1)-dimensional, compact convex set 
and 

M* = (dK) n n~ while (dK) \H~ = L° x {0} = K. 


35 


















Consequently M* C TL does not intersect the hyperplane dTL~ that contains K, while dK = 
M* U K. According to Definition ll.il the hypersurface M* is an affine hemisphere with anchor 
K , which is centered at the Santalo point of K. □ 


Proposition 5.11. Let L C E” be a bounded, open, convex set containing the origin. Let M C 
Tl be an affine hemisphere with anchor L° x {0} C K" x 1 = M n+1 and center at the origin. 
Then M* is well-defined, and there exists a function ib as in Theorem \5.10\ ii ) such that M* = 
Graph 

Proof. The hypersurface M C ft. is an affine hemisphere with anchor K = L° x {0} which is 
centered at the origin. Let K be as in Definition ll.il Denote B = K ft TL~ which is a convex, 
relatively-closed subset of TL~ with B = K. The convex set B is bounded from below in Tl~ 
since K is compact. Moreover, by Definition 1 1.1 1 the set 

m = (, dk ) nr = (dB) n(2i) 

is a smooth, connected, locally strongly-convex hypersurface. Additionally, it follows from Def¬ 
inition [lj] that 

(dB) \ = (dK) \H~ = K = L° x {0}. (22) 

Thus the relatively-closed, convex set B C 'H satisfies all of the requirements of Lemma 1531 
From the conclusion of Lemma [531 there exists a proper, convex function if : R n — » M U {+cxd} 
such that 

Epigraph('0)° = B = K (23) 

and such that if(0) < 0, Dom( , 0) = L while is smooth and strongly-convex in L with 
X7f(L) = E”. Thanks to (1271) and (1231) . Lemma l5Jl shows that 

Graph L (-0) = M*. 

Since M is affinely-spherical with center at the origin, Corollary 15.91 implies that Graphic) 
is also affinely-spherical with center at the origin. Hence the function ft satisfies all of the 
conditions of Theorem 15 .lOl ii). and the proposition is proven. □ 

Proof of the uniqueness part of Theorem 1772] Suppose that M is an affine hemisphere with an¬ 
chor K, and let K be as in Definition ll.li By applying an affine transformation in E" +l , we may 
assume that M is affinely-spherical with center at the origin, and that 

K C{(i,0);ig M n } while K C W. (24) 

Definition 11.11 implies that the origin belongs to the relative interior of the n-dimcnsional, com¬ 
pact, convex set K. Hence there exists a bounded, open, convex set L C EE containing 
the origin such that K = L° x {0}. From (l24l) and Definition 11.11 we conclude that M = 
dK (T H~ C Tl. . Proposition 15.111 shows that M* = Graph L (^) for a certain convex function 
: M n —* M U {+oc} satisfying the requirements of Theorem 15.10) ii ). 
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Theorem 15.101 now implies that the barycenter of L lies at the origin, and hence the affine 
hemisphere M is centered at the Santalo point of K. According to Theorem 15.101 the function ip 
is uniquely determined by L, up to a multiplication by a positive scalar and an addition of a linear 
function. It thus follows that the affine hemisphere M = Graph L (-0)* with anchor L° x {0} is 
uniquely determined by L, up to a linear transformation. Therefore M is determined by K up to 
an affine transformation, and the proof is complete. □ 


Remark 5.12. Let M be an affine hemisphere in M n+1 with center at the origin and anchor K C 
R n x {0}. Let Ii C R n x [0, oo) be the convex body from Definition ll.il so that OK = M U K . 
For (x, t ) G M” x [0, oo) set 

II0M)IIr = inf {A > 0; (x, t)/X G A'j , 

the Minkowski functional of K. Denote also F(x, t) = ||(a;,f)|||./2. Since the origin belongs 
to the relative interior of K, the function F is a finite, 2-homogenous, convex function in the 
half-space ( x , i) G R" x [0, oo). Note that the closure of the affine hemisphere M is a level set 
of the function F. It was noted by Bo Berndtsson that the function F satisfies 

f det \ /2 F(x,t) = C for (x, t) G M n x (0, oo) 

\ F(x, 0) = Hxll^/2 for^GM™ 

where C > 0 is a positive constant and ||x||^ = inf {A > 0; x/X G K} is the Minkowski 
functional of K. Thus F solves the parabolic affine sphere equation det V 2 F = Const in a half¬ 
space, with boundary values that are 2-homogenous and convex. In order to prove the equation in 
(1251) . we argue as follows: The map VF restricted to M is precisely the polarity map of the affine 
hemisphere M. Since VF is 1-homogenous, for any measurable subset ACM and 0 < a < /3, 

{VF(ty) ■ y G A, a < t < f3j = {tz ; z G i/(A), a < t < /?} (26) 

where v : M —> M* is the polarity map associated with M. Proposition 15.81 states that v pushes 

forward the cone volume measure on M to a constant multiple of the cone volume measure on 
M*. It thus follows from (l26l) that VF pushes forward the Lebesgue measure on K to a constant 
multiple of the Lebesgue measure on {ty, y G M*,t G [0,1]}. Therefore the Jacobian of the 
map y i —> VF(y) has a constant determinant, and (1251) is proven. 
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